Introduction
In the nonlinear theory of isotropic elastic materials, there are relations between force-like quantities and deformation-like quantities which are independent of material properties. Such relations have been called "universal" relations [1] . The best known example is that of Rivlin for simple shear [2] . It relates components of normal and shear stress and the amount of shear. Another important example arises in the problem of the combined extension and torsion of a circular cylinder. Rivlin [3] showed that for small angles of twist superposed on finite extension, the ratio of the twisting moment to the angle of twist depends only on the axial force and the extension ratio. In this note relations of the first type, involving components of the stress and stretch tensors, will be referred to as "local". Relations of the second type, involving resultant forces or moments, will be referred to as "global".
A general method for constructing local universal relations has been presented by Hayes and Knops [4] . In section 2, this method is used to derive a universal relation for the homogenous deformation consisting of simple shear superposed on triaxial extension. This is the local deformation which each material element undergoes in the non-homogeneous deformation of combined inflation, extension and torsion of a circular cylinder. Rivlin's global universal relation for this problem is normally obtained by first deriving expressions for the resultant force and moment in terms of the strain energy density and stretch tensor components, and then comparing them. In section 3, it is shown that Rivlin's global universal relation can be derived from the local universal relation of section 2. Finally, in section 4, global universal relations are established for small amplitude axial or circumferential shearing superposed on finite extension and inflation of a circular cylinder.
Local universal relation for shear superposed on triaxial extension
Consider a body whose shape in the reference state is a cube. With respect to a cartesian coordinate system, let X~ denote the coordinates of a particle in the reference state and x, denote its coordinates in a deformed state. Let the cube be subjected to the homogeneous deformation Xl=~lSl+K~k2S2, X2 --h2X2, X3 =)k3S 3 .
(1) In this deformation the cube undergoes length changes along each coordinate axis, followed by a simple shear of planes x 2 --constant in the x 1 direction. Parameter K represents the displacement along the x 1 axis per unit current length in the x 2 direction. In the case of incompressible materials, which is all that is considered here, X t?~ 2 )~3 = 1.
The deformation gradient will be denoted by F = [3xi/3Xj] with respect to cartesian coordinates. The local universal relations derived by the method of Hayes and Knops are expressed in terms of the components of the Cauchy stress tensor and the components of the principal vectors of the Cauchy-Green tensor B = FF r.
For the deformation in Eqn. (1) These are seen to be distinct. The principal vectors corresponding to a t , a 2, a 3, denoted respectively by R, S, T, are found to be
where i, j, k are the unit base vectors for the cartesian coordinate system. According to the method of Hayes and Knops, since a 1, a 2, a 3 are distinct, there are three universal relations, given by
Using Eqns. (2) and (3), one finds that Eqns. (4) imply
together with al3 = 023 = 0. The local universal relation (5) has several interesting features. First, it has the same form as that for simple shear, (X 1 = X 2 = h 3 = 1), in which the parameters defining the deformation occur only in the coefficient of o12. Secondly, if ?~a = h2, i.e. if there is equal biaxial extension or contraction along the X 1 and X 2 axes, then (5) reduces to oll -022 = ro12.
(6)
This is the same form as for simple shear, and is independent of the length change of the edges of the cube. Finally, two special cases of the general relation are recorded: (a) for simple shear superposed on uniaxial extension along the Xl-axis, let h 1 = X, ?d = X 2 = ?~-1. Then, 
Rivlin's global universal relation
Consider a hollow circular cylinder of an incompressible non-linear isotropic elastic material. In its reference state, its inner and outer radii are R 1 and R 2, respectively. The cylinder is to be subjected to a deformation consisting of combined inflation, extension and twisting. If the cylinder is coaxial with a circular cylindrical coordinate system, then a particle at (R, O, Z) in the reference state moves to coordinates (r, 0, z) according to the relation,
where h and 4' are constant, and 4' represents the rotation of a plane cross-section per unit current length.
As a typical particle in the current state, the components of the deformation gradient tensor with respect to unit base vectors e r, e e, e: are given by
(10) 0 Consider a local cartesian coordinate system with unit base vectors e I = e e, e 2 = e.., e 3 = e r. Then the deformation gradient in (10) is the same as that for (1), where ~1 = r/R, ~z = ~, ~3 = dr/dR and • = r4'. In other words, each particle of the cylinder undergoes a local homogeneous deformation consisting of extension or contraction in the local coordinate directions followed by simple shear. With respect to local cartesian coordinates, the components of stress and F must satisfy the universal relation (5). It follows that at each particle the stress components with respect to e r, e 0, e. and components of F in (10) must satisfy
Now, consider the special case of the extension and twisting of a solid rod. In this case R 1 = r(R~) = 0. It follows from the incompressibility constraint that 
and the axial force is 
N = 2~rfor2%zrdr, Alan Wineman and Mukesh Gandhi
and from Eqn. (15)
Finally, it follows from Eqns. (12), (17) and (18) that Rg which is Rivlin's global universal relation. Thus, it is seen that this relation is a consequence of the fact that the same general form of local universal relation holds at each material particle, the amount of shear x(r)= q,r varying with particle radius.
Extension, inflation and shear of a cylinder
Consider the same cylinder as in section 3, but which is now subjected to extension, inflation and circumferential shear about its axis. This is a special case of the general shear problem discussed by Rivlin [3] . A particle at (R, ®, Z) in the reference state moves to coordinates (r, 9, z) according to the relation
z =XZ.
With respect to unit base vectors e,, e 0, G, the components of the deformation gradient are given by 
Both /~ and ff are functions of R. The specific form of F is determined by the incompressibility condition, and does not depend on the form of the strain energy function. On the other hand, as shown in [3] , q,(R) satisfies a nonlinear ordinary differential equation whose form is determined by the choice of the strain energy function. Thus, the local relation (22) does not appear to be very useful. However, a universal relation among externally measured quantities can be constructed from relation (22) under certain conditions. The inner and outer radii in the deformed configuration are denoted by r 1 = r(R 1) and r 2 = r(R2), respectively. The shearing moments on the inner and outer surfaces must have the same magnitude M given by
where L 0 is the unextended length of the cylinder. On the inner and outer surface, let
We restrict attention to small circumferential shear of the cylinder superposed on finite extension and inflation. Then, neglecting terms of O(~'2), Eqn. (22) reduces to (25) ( rd/) ' in which %e and Orr are now regarded as stresses associated with the problem of finite extension and inflation of the cylinder. Let it be further assumed that the cylinder is thin walled, i.e. (R z -R1)/R~ << 1. It follows from the equilibrium equations that
OO0--Orr=Xl~[.2--(X].L) -2] OrO
r 2 --r 1
Furthermore, we introduce the approximation
where q~i = q'(Ri). On evaluating relation (25) at r = r2, then combining Eqns. (23)- (27), and simplifying, one obtains the following relation to within an error of O(R 2 -R~)
This is a universal relation which gives the small amplitude circumferential shearing stiffness in terms of the pressure difference, geometric properties of the undeformed cylinder, and then axial and circumferential stretch ratios of the outer surface. In a similar manner, a global universal relation can be established for the axial shearing stiffness of the cylinder. In this case, the cylinder is subjected to the deformation
With respect to base vectors e r, %, e~, the components of the deformation gradient are
(30) Lw' 0 This is the same form of deformation gradient as for a local homogeneous deformation of form (1) if e 1 = G, e2 = e,, and e 3 = %. Then ~1 = X, ~2 = r', ~3 = r/R, ~ = w'/r', 011 = O' zz , 0"22 = arr and o12 = %. It follows from relation (5) that at each point,
The shearing forces on the inner and outer cylindrical surfaces have the same magnitude T given by
T= 2rt(hLo)r2o~r( R2) = 2¢r( )tLo)rlO:r( R1).
(32)
If relation (31) is evaluated at r I or r 2, then % and O~r can be expressed in terms of externally measured variables using relations (24) and (32). In order to do the same for the other variables, attention is now restricted to the case of small amplitude axial shear superposed on finite extension and inflation of a thin walled cylinder. 
where w i = w(Ri). The axial force N is given by
N= o~r( r~ -rlZ ) =---~-( R2z -R~ ),
where use has been made of the result due to incompressibility, that r 2 = R2/X + C,
where C is some constant. Finally, evaluating (31) at r 2, combining (32)-(34) and simplifying, we obtain the desired result +P2 R-Z'n 2~rLo x2 (X/~)2 (36)
